We apply power series expansion to symmetric multi-well oscillators bounded by two infinite walls. The spectrum and expectation values obtained are compared with available exact and approximate values for the unbounded ones. It is shown that the method is capable of producing to a high accuracy the eigenvalues, eigenfunctions, and the expectation values x 2k of the corresponding unbounded ones as the separation between the two infinite walls becomes large.
Introduction
Potential energy functions with degenerate classical minima separated by potential barriers are frequently encountered in many areas of physics, such as molecular physics, nonlinear physics, field theory, and cosmology. A widely investigated model, by variant methods ( [1] - [19] ), is a one-dimensional symmetric double-well potential, in which the degeneracy of the low-lying doublets is broken by quantum tunneling effects [20] .
Recently, calculation of energy splitting of a one-dimensional symmetric multi-well potential energy functions has received a considerable interest ([21] - [27] ). This interest stems from the fact that the topology of the multi-well potential is completely different from the double-well case. Each well, except the two outer ones, is surrounded by two barriers. In the case of odd number of wells, the positions of the minima of the potential are connected by the spatial inversion symmetry of the potential that leaves the position of the minimum at the origin invariant, for even number of wells ,however, these minima are connected by the inversion symmetry. These topological properties are relevant for calculations based on path integral methods using instanton solutions [28, 29, 30] .
In an earlier paper [19] , we have applied the traditional power series expansion method with boundary conditions in the finite interval to one-dimensional anharmonic potential functions having single and double-well. We have shown that the method is capable, even for a reasonable size of the interval, of producing to a high accuracy the eigenvalues and eigenfunctions of the corresponding unbounded ones. In particular for the deep doublewell case, with potential function (V (x) = −µ 2 x 2 + x 4 ), we have shown that the splitting of the energy levels of the ground and first excited states becomes apparent only after 26 significant digits for the mass parameter µ 2 = 25, and for µ 2 = 35 the splitting shows up after 42 significant digits, while for µ 2 = 50 the splitting starts after 72 significant digits. In the present paper we extend our previous calculation to multi-well potentials and compare with available exact and approximate values recently obtained by other methods.
The rest of the paper is organized as follows. In sec. 2 we apply the method of power series expansion to anharmonic multi-well potentials, and present our calculation of the eigenvalues, eigenfunctions, and expectation values of even powers of the x-coordinate and compare with that recently obtained by the improved Hill determinant method [21, 23] , and with the exact values calculated by supersymmetric quantum mechanics [21] . It is shown that the method yields extremely very close results to the exact ones. Finally in sec. 3 we give our conclusion.
Calculation of energies and expectation values
In order to calculate the eigenvalues and eigenfunctions of the anharmonic multi-well potential bounded by infinitely high potential walls located at x = ±L, one needs to solve the eigenvalue equation (in unitsh = 1 , 2 m = 1) :
with the boundary conditions Ψ(±L) = 0. In the present work we consider potentials V (x) of the form [22, 23, 27] :
Here the coefficients (b 2m ) are real with b 2N being positive, and N = 3, 4, 5. Making use of the power series expansion
in eq. (1) we obtain the following recurrence formula for the expansion coefficients: a n = −E a n−2 + b 2 a n−4 + b 4 a n−6 + b 6 a n−8 + b 8 a n−10 + b 10 a n−12 n (n − 1) , n = 0, 1
The symmetry of eq. (1) divides the solutions into two types even and odd. The even solutions can be obtained by imposing (ignoring normalization) a 0 = 1, a 1 = 0, while the odd ones by imposing a 0 = 0, a 1 = 1. The energy eigenvalues (E) are obtained from the condition Ψ(L) = 0 in both cases. Since we are dealing with potentials admitting power series expansion for |x| < L, the power series solutions of Ψ(x) are, according to a well known theorem in differential equations, convergent [31] . Here we present our calculation of the energy levels, wave functions and expectation values for the potentials given in eq. (2), using eqs. (3), (4) and the boundary condition at x = L. Table 1 shows the first four energy eigenvalues of three-, four-, and five-well oscillators for the bounded potential-wells as compared with the obtained values reported in [22, 23] for the unbounded case. The obtained values are extremely very close to the exact ones. Table 2 contains a comparison of the expectation values x 2m , (m = 1 · · · 5) with the reported ones and the exact values obtained from the corresponding supersymmetric wave functions. For completeness we also present in Fig. 1 (A, C) the ground state wave functions for the potentials A(x) and C(x) respectively, and (B, D) are for the first excited state wave functions for the potentials B(x) and D(x) respectively. These coincide with the corresponding exact wave functions (ignoring normalization) obtained using supersymmetric quantum mechanics [21] : A(x), B(x), C(x), andD(x) obtained in the present work for the bounded cases and that of ref. [22] for the unbounded ones along with the exact values obtained using supersymmetric quantum mechanics [21, 22] 
These calculations show that even for a reasonable size of the interval the present method, beside being simple and direct is highly effective.
Conclusion
In this paper we have applied the method of power series expansion to a variant of one-dimensional multi-well potential functions bounded by two infinite walls. We have compared our calculation of the low-lying energy levels, wave functions, and expectation values with that obtained using improved Hill determinant and supersymmetric quantum mechanics. For all these potentials we have obtained results that are extremely very close to the exact ones. This is because the power series expansion in the finite range is convergent for potentials admitting power series expansion. It is easy to extend the present method to other multi-well polynomial potential functions with higher degrees and more degenerate classical minima.
